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For an action by automorphisms of a ﬁnite group A on a group G of
relatively prime order, the equivalence of the permutation actions
of A on the set of complex irreducible characters of G and on the
set of conjugacy classes of G was one of the ﬁrst applications of
the Glauberman–Isaacs correspondence. For such A and G , with
A solvable and H an A-stable multiplicity-free subgroup of G ,
we show similarly, using the Glauberman correspondence and an
idea of Navarro, the equivalence of the actions of A on the set of
H-classes of G and on the set of pairs of irreducible characters χ
of G and θ of H with χ over θ .
© 2012 Elsevier Inc. All rights reserved.
1. Introduction
Let A and G be ﬁnite groups, with A acting on G . Then A also acts on the set Cl(G) of all conjugacy
classes of G , and on the set Irr(G) of all irreducible characters of G . If A and G have relatively prime
orders, then the actions of A on these two sets are equivalent, as G. Glauberman and I.M. Isaacs
showed [1,3], treating by different techniques the cases in which A is solvable and G has odd order,
the general case then following by the solvability of groups of odd order.
Let C be the subgroup of A-ﬁxed elements of G . As Glauberman showed [1], the map S → S ∩ C
bijects the set ClA(G) of A-ﬁxed conjugacy classes S of G to the set Cl(C ) of conjugacy classes of C .
As Glauberman and Isaacs showed by different methods in the cases A solvable and G of odd or-
der, there is a canonical bijection χ → χ∗ from the set IrrA(G) of A-ﬁxed irreducible characters χ
of G to Irr(C). Since C has equally many classes and irreducible characters, it follows that A ﬁxes
equally many classes and irreducible characters of G . The same holds for each subgroup of A, so the
equivalence of the actions of A on Cl(G) and Irr(G) follows, by a criterion of Burnside [4, p. 230].
For expositions of the A solvable part of this, see the books [4] and [2] of Isaacs and Huppert,
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in [3] and [4, p. 231], with simpliﬁcations using a noncanonical bijection in [5] and [6].
Now let H be a subgroup of G . Two elements of G are in the same H-class if they are conjugate
by an element of H . Denote by Cl(G, H) the set of H-classes of G , and by Irr(G, H) the set of all
pairs (χ, θ) with χ ∈ Irr(G) and θ ∈ Irr(H) and χ over θ , i.e. with [χH , θ] = 0. If A is a group acting
on G and stabilizing H , then A also acts on Cl(G, H) and on Irr(G, H), as are veriﬁed at the start of
Sections 2 and 3. It is veriﬁed in Section 4 that the sets Cl(G, H) and Irr(G, H) have the same size if
and only if H is multiplicity-free in G , meaning [χH , θ] = 1 for all pairs χ,θ with χ over θ .
Theorem A. Let A and G be ﬁnite groups of relatively prime order, with A acting on G, and A solvable. Let H
be an A-stable multiplicity-free subgroup of G. Then the actions of A on Cl(G, H) and Irr(G, H) are equivalent.
The proof below follows the outline of the A solvable part of the proof sketched above using the
Glauberman bijection and an idea of Navarro from [8]. It is an open question whether in Theorem A
the condition A solvable can be replaced by G of odd order.
2. Correspondence of subgroup-classes
Let A act on G , stabilizing a subgroup H . It follows from
(
hgh−1
)a = haga(ha)−1 for g,h,a in G, H, A
that A does act on the set of H-classes of G . Let C and D be the subgroups of ﬁxed points in the
actions of A on G and H .
In this section we use Glauberman’s method to give for (|A|, |H|) = 1 a natural bijection from the
set ClA(G, H) of A-ﬁxed H-classes of G to the set Cl(C, D) of D-classes of C .
Theorem B. Let A act on G, stabilizing a subgroup H with (|A|, |H|) = 1. Then the map S → S ∩ C from
ClA(G, H) to Cl(C, D) is a bijection.
Proof. The semidirect product HA, in which H is a normal Hall subgroup, acts by conjugation tran-
sitively on each A-ﬁxed H-class S of G . Since groups of odd order are solvable, either A or H is
solvable. It follows by Glauberman’s lemma [4, p. 223] that S ∩ C is nonempty, and that D acts tran-
sitively on S ∩ C , showing that S ∩ C is a D-class of C . Since the S ∩ C for different S are disjoint, the
map S → S ∩ C is injective. For g in C the displayed equation shows that A ﬁxes the H-class S of g .
Therefore the map is surjective. 
3. Correspondence of character pairs
Let A act on G , stabilizing a subgroup H . It follows from
[
χaH , θ
a] = [χH , θ] for χ,θ,a ∈ Irr(G), Irr(H), A
that A does act on the set Irr(G, H) of pairs (χ, θ ) with χ in Irr(G) and θ in Irr(H) and χ over θ .
Denote by IrrA(G, H) the set of pairs (χ, θ) in Irr(G, H) which are ﬁxed by A, i.e. with χ in IrrA(G)
and θ in IrrA(H).
For solvable A acting coprimely on G and stabilizing a subgroup H , let C and D be the subgroups
of A-ﬁxed elements in G and H and denote by χ → χ∗ and θ → θ∗ the Glauberman bijections from
IrrA(G) to Irr(C) and from IrrA(H) to Irr(D).
In [8, Theorem 3.1] Navarro shows that
[
χ∗D , θ∗
]
 [χH , θ]. (1)
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correspondence to get (1) for solvable A. Adapting his method we will get some cases of equality
in (1), besides the obvious case A = 1. What we need is (2) below:
Lemma. Let solvable A act coprimely on G. Let H be an A-stable subgroup of G. Let χ and θ be A-ﬁxed
irreducible characters of G and H, and let χ∗ and θ∗ be their Glauberman correspondents in Irr(C) and Irr(D).
If [χH , θ] 1, then
[
χ∗D , θ∗
] = [χH , θ]. (2)
If A = 1, let q be the least prime factor of the order of A.
If [χH , θ] < q − 1, then
[
χ∗D , θ∗
] = [χH , θ]; (3)
If [χH , θ] = q − 1, then
[
χ∗D , θ∗
] = [χH , θ] or 1. (4)
Proof. Suppose ﬁrst that A has prime order p. Put
m = [χH , θ] and n = δχ δθ
[
χ∗D , θ∗
]
,
where δχ and δθ , in {±1}, are the signs associated with χ and θ and cyclic A by the Glauberman
correspondence [4, p. 222]. In his proof of (1) Navarro shows that there is a (generally reducible)
character ψ of A, depending on χ,θ , for which
ψ(1) =m and ψ(a) = n for each a = 1 in A. (5)
Put k = [ψ,1], and put l = [ψ,λ] for any λ = 1 in Irr(A). (Since ψ is rational-valued, l is the same for
each such λ.) From (5) it follows that
m = k + l(p − 1) and n = k − l.
Since k and l are nonnegative integers, this gives
n =m − lp with 0 lm/(p − 1). (6)
In (6), if m < p − 1, then l = 0 so n = m (and δχ = δθ ), giving (3); if m = p − 1, then l = 0 or 1 so
n =m (and δχ = δθ ) or n = −1 (and δχ = −δθ ), giving (4).
In the general case of A solvable, we may suppose A has a normal subgroup B of prime index p,
with p  q. Let E and F be the subgroups of ﬁxed points in the action of B on G and H . Denote
by χ → χ ′ and θ → θ ′ the Glauberman bijections from IrrB(G) to Irr(E) and from IrrB(H) to Irr(F ).
Using ∗ to denote also the Glauberman bijections from IrrA/B(E) to Irr(C) and from IrrA/B(F ) to
Irr(D), property (b) of the Glauberman bijections [4, p. 219] reads
χ∗ = χ ′ ∗ and θ∗ = θ ′ ∗ for χ ∈ IrrA(G) and θ ∈ IrrA(H). (7)
For such χ,θ , if [χH , θ] < q − 1, then
[
χ∗D , θ∗
] = [χ ′ ∗D , θ ′ ∗
] = [χ ′F , θ ′
] = [χH , θ],
by (7), the ﬁrst case and induction on |A|, proving (3). The proof of (4) is similar.
It remains to prove (2). We may suppose A = 1. If q > 2, then (2) follows from (3). If q = 2, and
[χH , θ] = 0, then [χ∗D , θ∗] = 0 by (3), while if [χH , θ] = 1, then [χ∗D , θ∗] = 1 by (4). 
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and D = CH (A). If H is multiplicity-free in G, then D is multiplicity-free in C , and (χ, θ) → (χ∗, θ∗) bijects
IrrA(G, H) to Irr(C, D).
Proof. Combining the bijections χ → χ∗ and θ → θ∗ gives a bijection
(χ, θ) → (χ∗, θ∗) from IrrA(G) × IrrA(H) to Irr(C) × Irr(D). (8)
For χ ∈ Irr(G), and θ ∈ Irr(H), we have [χH , θ] 1, since H is multiplicity-free in G . Using (2) it
follows that [χ∗D , θ∗] = [χH , θ] for χ in IrrA(G) and θ in IrrA(H). Therefore D is multiplicity-free in C ,
and for such χ , θ we have that χ is over θ if and only if χ∗ is over θ∗ , i.e. the map (8) restricts to a
bijection from IrrA(G, H) to Irr(C, D). 
4. Proof of Theorem A
For the convenience of the reader we repeat from [9] the proof of a fact mentioned in the intro-
duction.
Theorem D. Let H be a subgroup of a ﬁnite group G. Then
∣∣Cl(G, H)
∣∣
∣∣Irr(G, H)
∣∣, (9)
with equality if and only if H is multiplicity-free in G.
Proof. By the orbit-counting formula and orthogonality relations, the left side of (9) is
|H|−1Σ∣∣CG(h)
∣
∣ = Σ[χH ,χH ] = ΣΣ[χH , θ]2,
which is greater than or equal to the right side of (9), with equality if and only if each [χH , θ] is 0
or 1, i.e. H is multiplicity-free in G . 
Proof of TheoremA. For each solvable group A acting coprimely on G , and each A-stable multiplicity-
free subgroup H of G ,
∣∣ClA(G, H)
∣∣ = ∣∣Cl(C, D)∣∣ = ∣∣Irr(C, D)∣∣ = ∣∣IrrA(G, H)
∣∣,
the ﬁrst equation by Theorem B, the last equation by the ﬁrst statement in Theorem C, and the middle
equation by Theorem D and the second statement in Theorem C. Thus A ﬁxes equally many elements
in Cl(G, H) and Irr(G, H). The same holds for each subgroup B of A. Therefore the actions of A on
Cl(G, H) and Irr(G, H) are equivalent, by Burnside’s action equivalence criterion. 
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